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Reviews and comparisons of the finite-difference, 
differential-quadrature, differential-cubature, finite-
analytic, and practical-finite-analytic methods are 
presented. Numerical solution of immiscible fluids 
transport in porous media are illustrated. The cubature 
and practical finite-analytic methods are shown to have 
apparent advantages over the other methods because the 
numerical solution schemes are derived directly from the 
specific problems of interest. 
 
INTRODUCTION 
Numerical solution of immiscible fluids displacement in 
porous media has occupied numerous researchers 
because of its importance in various porous media 
applications including hydrocarbons recovery from oil 
and gas reservoirs and carbon dioxide sequestration into 
underground aquifers. The issue of importance is to be 
able to capture accurately the behavior of the sharp 
progressing-fronts in numerical solution without causing 
numerical oscillations. The low-order finite-difference 
method is notorious for generating highly oscillatory 
solutions. Many efforts made to alleviate such instability 
conditions could not go beyond some artificial numerical 
fixing measures. Unfortunately, the method of finite-
differences still continues to be the numerical method of 
choice because of simplicity and assuming that fine-grid 
systems can circumvent the numerical stability issues 
although some other methods such as the differential-
quadrature, differential-cubature, and practical-finite-
analytic methods can perform better.  
This paper compares the numerical solutions by the 
finite-difference (FDM), differential-quadrature (DQM), 
differential-cubature (DCM), finite-analytic (FAM), and 
practical-finite-analytic (PFAM) methods for immiscible 
fluids displacement in porous media. The details are 
provided in the references [1-26]. The practical-finite-
analytic and differential-cubature methods perform 
superiorly over the other methods although the 
differential-quadrature method is still better than the 
finite-difference method. The practical-finite-analytic 
and the differential-cubature methods can generate 
numerical solution schemes with accuracies in time and 
space approaching to the analytical solutions. The 
accuracies of the conventional finite-difference methods 
are limited mostly to second-order accuracy and higher-
order accurate finite-difference schemes are tedious and 
therefore not preferred. The performance of the practical-
finite-analytic method is demonstrated for its ability to 
capture the shock-front conditions in a test problem. 
 
NOMENCLATURE 
aν  , bl = power series coefficients 
f = additional transformation 
fw  = fractional water function  
h = increment in dimensionless time 
k = spatial grid point spacing 
K = transformed spatial grid point spacing 
L = linear operator 
n,m = number of temporal and spatial grid points  
S   = fluid saturation  
t = time  
T  = dimensionless time  
U  = total volumetric flux of immiscible fluids 
x  = distance from injection point  
X  = dimensionless distance from injection point  
Y  = dimensionless distance 
T
jlw   = weighting coefficients in T variable 
Y
ikw  = weighting coefficients in Y variable 
 
Greek Symbols 
α = derivative of the fractional flow function 
 
Subscripts 
i,j = space and time grid point locations  
w = wetting-fluid phase  
wi = irreducible wetting-fluid phase  
nw  = nonwetting-fluid phase 
nwi  = irreducible nonwetting-fluid phase  
 
 
1 Immiscible Fluids Transport through 
Porous Media 
The wetting-fluid mass balance during flow of two immiscible 
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Subject to the conditions given by: 
,0 , 0w wcS S x L t= ≤ ≤ =  (2) 
1 , 0, 0w orS S x t= − = >  (3) 
where the fractional wetting-fluid is given by: 
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Eqs.(1)-(3) can be transformed into the following 
dimensionless forms (Civan [16,17]): 





0,0 , 0S X L T= < ≤ =  (6) 
1, 0, 0S X T= = >  (7) 
where the dimensionless variables are: 




S S U xS T t X









α ≡  (9) 







where ( )og Sα=  is a fixed value obtained by evaluating 
Eq.(9) at some arbitrarily or properly selected water 
saturation value So and the right side of Eq.(10) is given 
by:  
( ) SA g S
X
α ∂= −   ∂
 (11) 
Further, Eq. (10) can be written as follows by defining 
the following additional transformations of f S AT= −  







The numerical solutions can be obtained iteratively 
starting with the value of A given in Eq.(11) evaluated at 
the previous time. For numerical discretization, consider, 
for example, the following time-space grid points: (Yi-1, 
Tj-1), (Yi-1, Tj), (Yi, Tj-1), and (Yi, Tj). Here, i and j denote 
the indexing of the grid points in the Y and T variables. 
Take equal grid point spacing of Y k∆ =  
or X K gk∆ = = , and time increments of T h∆ = . 
Consider (Yi-1, Tj-1) as a reference point so that Yi-1 = 0 
and Tj-1 = 0, and therefore, 
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 (13) 
These transformations are used in the following sections. 
 
 
2 Finite-Difference Method 
The finite-difference method is a discretization based on 
the low-order truncated power or Taylor series 
expansions. However, it can be derived also from the 
differential quadrature and cubature methods. For 
example, the explicit finite-difference discretization of 
Eq.(12) based on upstream-weighting is given by: 
( ){ } ( ){ }
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Rearranging for equal spacing of Y k∆ =  and equal time 
increments of T h∆ = yields: 
i j i 1 j i j 1, , ,
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 (15) 
Hence, applying Eqs.(13) into Eq.(18) yields: 
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Alternatively, the spatial derivative can be evaluated at 
the mid-time as: 
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Rearranging for equal spacing of Y k∆ =  and equal time 
increments of T h∆ = yields: 
( )i j i 1 j i j-1 i-1 j 12, , , ,2 2
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 (18) 
Hence, applying Eqs.(13) into Eq.(18) yields: 
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3 Differential-Quadrature Method 
The spatial or temporal derivatives, integrals, integro-
differential or mixed operators of any order in one 
variable only can be discretized by the quadrature 
method. Assume that the function f(Y, T) can be 
 3 
represented by the following time power series while keeping 










= ∑  (20) 
The differential quadrature formula is given by [3,4,8-
10,18-24,26] where LT is an operator with respect to the 
time variable T only: 
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Substituting Eq,(29) into Eq.(30) and rearranging yields: 
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Thus, 






T w L T j nν ν
=
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This equation can be solved for the quadrature weighting 
coefficients : 1, 2,..., ; 1, 2,...,Tjlw j n l n= =  at prescribed 
times and any order linear operator LT.  
 
Similarly, the function f(Y, T) can be represented by the 
following space power series while keeping the time variable T 










= ∑  (24) 
The differential quadrature formula is given [3,4,8-
10,18-24,26]: 
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=
= ∑  (25) 
Substituting Eq,(29) into Eq.(30) and then rearranging 
yields: 






Y w L Y i mν ν
=
= =∑  (26) 
This equation can be solved for the quadrature weighting 
coefficients : 1, 2,..., ; 1, 2,...,Yikw i m k m= =  of prescribed 
locations and any order linear operator LY.  
 
 
5 1,5 2,5 3,5 4,5 5,5 
4 1,4 2,4 3,4 4,4 5,4 
3 1,3 2,3 3,3 4,3 5,3 
2 1,2 2,2 3,2 4,2 5,2 
j=1 1,1 2,1 3,1 4,1 5,1 
 i=1 2 3 4 5 
 
Figure 1: TWO-DIMENSIONAL ARRAY OF GRID 
POINT LOCATIONS 
 
The differential equation can be solved in two ways. In 
the first, only the spatial derivatives are discretized and 
the resulting set of ordinary differential equations are 
integrated using the Runge-Kutta method with respect to 
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In the second method, both the spatial and temporal 
derivatives are discretized by the quadrature method. 
Applying Eqs.(28) and (25) to Eq.(12) yields: 
( ){ } ( ){ }
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∑ ∑  (28) 
Eq.(28) can be solved by a suitable method for a set of 
algebraic equations. For this purpose, the grid-point 
locations numbered as a two-dimensional array can be 
used as shown in Fig. 1 where n = m = 5.  
 
4 Differential-Cubature Method 
The differential cubature method has been first proposed 
by Civan [3]. The operators of the spatial and temporal 
derivatives, integrals, or integro-differential operators of 
any order in individual and mixed variables can be 
handled conveniently by the cubature method (Civan 
[3,4,6,9,10]).  
 
Assume that the function f(Y,T) can be represented by the 














= ∑∑  (29) 
The cubature formula is given by (Civan [3]): 
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where L can be an operator with respect to time, space, 
or combined time and space variables of any order. 
Substituting Eq,(29) into Eq.(30) and rearranging yields: 
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Once the locations of the numerical points and type of 
operator L are prescribed, then, Eq.(32) can be solved for 
the corresponding cubature weights. For example, define 







Applying Eq.(33) to Eq.(32) yields: 
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Next, specify the locations of the numerical points in the 
time-space domain to calculate the differential cubature 
 4 
weights. The regular grid system aligned in each variable 
shown in Figure 1 does not work with the cubature. A 
staggered grid system as shown in Figure 2 can be used 
(Civan [10]). The grid-points can be numbered in any 
arbitrary order, such as done in Figure 2 as a one-
dimensional array. As stated by Civan [3,10], the number 
of grid-points needs to be equal to the number of 
monomials to be able to obtain a unique solution of 
Eq.(34) for the cubature weights. This can be achieved 
by omitting some monomials from the set of monomials 
: 0,1,..., ; 0,1,..., 1Y T nν µ µ µ ν ν− = = −  (Civan [3,10]). 
 
11  12  13 
 9  10  
6  7  8 
 4  5  
1  2  3 
 
Figure 2: ONE-DIMENSIONAL ARRAY OF 
STAGGERED GRID-POINT LOCATIONS 
 
Applying Eq.(30) to Eq.(12) yields: 
( ){ }
1




w f Y T i n
=
= =∑  (35) 
Eq.(35) can be solved for the cubature weights 
: 1, 2,..., ; 1, 2,...,ijw i n j n= =  where n = 13 according to 
Fig.2 by a suitable method for algebraic equations. 
 
5 Finite-Analytic Method 
The original finite-analytic method generates numerical 
solution schemes based on the local analytical solutions 
of the differential equations by the standard methods 
(Chen et al. [1,2]). When the conventional methods, such 
as the method of separation of variables and Laplace 
transformation, are applied, mathematically complicated 
analytical solutions are obtained and therefore the 
resulting numerical schemes are usually very 
complicated and tedious. For example, an analytical 
solution of Eq.(12) can be obtained as: 
( ) ( )( , ) sinh cosh1 2f Y T b Y T b Y T= − + −  (36) 
Note that the coefficients b1 and b2 appearing in Eq.(36) 
do not need to be determined.  
 
Applying Eq.(36) at (Yi-1, Tj), (Yi, Tj-1), and (Yi, Tj) yields 
the following equations: 
( ) ( ) ( )11 , sinh 0 cosh 0 01 2i jf b h b h−− + − + − =  (37) 
( ) ( ) ( )11 , sinh 0 cosh 0 01 2i jf b k b k−− + − + − =  (38) 
( ) ( ) ( )1 , sinh cosh 01 2i jf b k h b k h− + − + − =  (39) 
Requiring that the determinant vanishes: 
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Hence, applying Eqs.(13) into Eq.(41) yields: 
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6 Practical-Finite-Analytic Method 
Civan [5,11,13,15-17] proposed a practical-finite 
analytical solution method to circumvent the 
inconvenience of the original finite-analytic method 
introduced by Chen et al. [1,2]. Consider that the 
analytical solution can be approximated by the following 














= ∑∑  (43) 
Invoking Eq. (43) into Eq. (12) yields a recurrence 
relationship as (Civan [15-17]): 
1, , 0,1,..., ; 0,1,..., 11
a a kµ ν µν
ν µ µ ν ν
µ+
 −
= − = = − + 
 (44) 
Thus, Eq. (43) can be simplified as by applying Eq.(44): 
( )( , ) ; 0,1, 2,...,
1




This can be used as an approximate analytical solution. 
An important advantage of the practical-finite-analytic 
methods is that the new coefficients 
bl ; 0,1, 2,...,l k= appearing in Eq.(45) do not need to be 
determined similar to the case with Eq.(36).  
 
Next, assume equal grid-point spacing of Y h∆ =  and 
equal time increments of T k∆ = . Then, requiring that 
the determinant of the system of equations obtained by 
applying Eq.(45) at the selected discrete grid points 
vanishes yields: 
( )i j i 1 j 1 i 1 j i j 1 , , , , 
k hf f f f
k h− − − −
− = − − + 
 (46) 
Substituting Eqs.(13) into Eq.(46) yields: 
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, 1, 1 , 1, 1, , 1





i j i j i j i j i j i j
i j i j i j i j i j
k hS S A h S A h S
k h
K hS A h S A h S
K h
− − − − −
− − − − −
− = + − − − + 
 −
= + − − − + 
 (47)  
Choose So = 0.5 for g = α (So). Applying Eq.(11) yields: 
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7 Comparisons of Solutions with Different 
Methods 
As can be seen, the starting point for both the cubature 
and the practical-finite-analytic methods is the multi-
variate power series. However, while a set of the 
cubature weights need to be determined in the cubature 
method for a prescribed set of grid point locations 
independently of the specific problem of interest, the 
weights of the practical-finite-analytic methods are 
obtained in a tailor-fit manner from the approximate 
power series solution of the specific problem of interest. 
The approximate analytical solutions can be obtained 
from the linearized equations and used for obtaining the 
numerical solutions of the original nonlinear equations 
iteratively, as demonstrated by Civan [15-17]. Therefore, 
the practical-finite-analytic method can generate 
solutions accurately even with larger time-space grid 
spacing with less numerical stability issues. Table 1 
compares the weighting coefficients of the various 
numerical methods. 
 
Table 1: COMPARISONS OF THE WEIGHTING 
COEFFICIENTS 
 


































































Here, a one-dimensional two-phase immiscible 
displacement through porous media is simulated 
assuming constant fluid and porous media properties. 
The irreducible saturations of both fluid phases are 
assumed zero. The non-wetting to wetting-phase relative 
permeability ration is assumed to follow an exponential 
decay function and the viscosity ration is taken as the 
unity. Thus, Swi = Snwi = 0.0, krnw / krw = 1500exp(-11Sw), 
and w oµ µ = 1.0. h = 0.0025 and k = 0.01. Figure 3 
shows the wetting-fluid phase saturation with distance 
from the injection port at various times. Solutions with 




The practical-finite-analytic method has apparent 
advantages over the other methods because the numerical 
solution schemes are derived directly from the specific 
problems to be solved. The cubature method is also 
useful for development of discretization formulae for any 
linear operator and combinations of linear operators in 
any number of variables. For these reasons, both the 
cubature method and its special application in the form 
of the practical-finite-analytical method provide 
significant advantages over the conventional finite-


































Figure 3: VARIATION OF THE WETTING-FLUID 
PHASE SATURATION WITH DISTANCE FROM THE 
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